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Slender oscillating ships at zero forward speed

By F. URSELL

Department of Mathematics, University of Manchester
(Received 13 June 1962)

The ship is assumed to be a slender body of revolution with its axis in the mean
free surface and making periodic oscillations of small amplitude. The theory
presented here is a generalization of the well-known slender-body theory of
incompressible aerodynamics in which the fluid is externally unbounded. One
version of that theory goes as follows: approximate the body by axial line-
distributions of known point singularities (sources and multipoles), whose
strength is to be determined; by means of the Fourier convolution theorem
express the velocity potentials of these line distributions in terms of the Fourier
transforms (in the axial direction) of the point-singularity potentials; expand
these Fourier transforms in powers of the radius and retain only the leading
terms (it is here that the slender-body assumption is introduced); by means of
the Fourier convolution theorem interpret the resulting expressions. By this
procedure it is not only shown that near the body the potential is two-dimen-
sional harmonic in every plane normal to the axis; but also the interaction
between sections is shown to be involved in the ‘constant’ term and to depend
in an explicit manner on the coefficient functions, which can be found without
difficulty by applying the prescribed boundary conditions. This foregoing pro-
cedure can be justified when the body is slender and sharply pointed.

In the present paper the same procedure is adapted to an oscillating surface
ship at zero speed. The fluid is now bounded by the ship, and also by a horizontal
plane (the mean free surface) on which a wave boundary condition must be
applied. The point singularities are now wave sources and wave-free potentials,
each satisfying the free-surface condition. The Fourier transforms of these
singularities are found and are expanded near the axis; the expansions near the
axis are the only parts of the argument that present any serious difficulty. When
only the leading terms are retained and the results are interpreted by the con-
volution theorem, explicit two-dimensional potentials are again obtained.

It is assumed that the ratios (ship-radius/ship-length) and (ship-radius/wave-
length) are small whereas the ratio (ship-length/wave-length) may have any
value. Expressions are given which are valid according as this last ratio is not
large or not small. The potential on the body is found, and forces, moments and
wave damping are calculated. It is believed that the expansions can be extended
with little trouble to certain other ranges of those ratios, to other cross-sections
and to the boundary condition for ships moving at non-zero speeds.
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1. Introduction

In the present paper we shall be concerned with the fluid motion near an
oscillating ship, and with the resulting hydrodynamical forces. In practice
gravity effects (such as wave resistance) and viscous effects (such as skin friction)
are both important and cannot be separated, but, since there is as yet no theory
including both, we shall here neglect viscous effects; the motion is then irrota-
tional and is described by a velocity potential. Inviscid-flow calculations are
familiar in aerodynamics, and there their role in determining the total force is
now quite well understood (see Thwaites 1960, Ch. 3). The motion of surface ships
isin comparison much less tractable, because the motion of the free surface must
be determined as part of the problem. This gives rise to a wave resistance even in
an inviscid fluid. No mathematical progress can be made unless the equations
can belinearized, for which purpose additional simplifying assumptions are made:
only such bodies and ship motions are treated as will cause the resulting fluid
motion to differ only slightly from a state of rest or of uniform flow.

For instance, we may consider a thin-ship model, in effect a vertical plate of
small thickness moving horizontally along itself with uniform velocity (Michell
1898). Such a thin ship, of beam much smaller than draft and length, can be
represented by a distribution of Kelvin wave sources over its mid-plane (for a
review see Wehausen 1957). The oscillations of the Michell ship have recently
been studied by Peters & Stoker (1957) who have confirmed that in the first
approximation its virtual mass and wave damping both vanish. The Michell
model is therefore inappropriate when virtual mass and wave damping are of
interest, as in most problems of ship motion in waves.

To overcome this defect it is natural to consider slender ships, of comparable
beam and draft, and of length much greater than either. Since evidently the
disturbance tends to zero as beam and draft both tend to zero (when the ship
contracts to a line), a scheme of linearization based on the thickness—length ratio
is reasonable. A considerable amount of work has already been published on
submerged slender ships, but it is generally realized that the motion near a sub-
merged ship differs materially from the motion near a surface ship. Many of these
calculations have been concerned with strip theories. It can be seen that near a
slender body the motion in planes normal to the ship’s axis is nearly plane
irrotational and can, to a rough first approximation, be found without reference
to the flow parallel to the axis. In the strip theories the three-dimensional motion
is synthesized approximately by combining these two-dimensional motions, and
various ways of doing this have been suggested. Havelock (1956) has compared
two strip methods of calculating the wave damping of a submerged spheroid at
zero speed. The first method consists in calculating the two-dimensional energy
transfer per unit length from a circular cylinder of radius equal to the local
radius, and integrating this along the length of the cylinder; this clearly cannot
give a good approximation when the waves are long compared to the length of the
ship. Inthesecond method the spheroidisreplaced by an axial distribution of wave
dipoles, of strength depending on the local area of cross-section, and this gives
good results provided only that the spheroid is sufficiently slender. Both these
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methods have been applied to surface ships at zero speed, the first by Tasai
(1959), the second by Grim (1957, 1960) who points out that for surface ships of
finite length the first method wrongly predicts an infinite virtual mass for infinite
wave-length.

Apparently no attempt has hitherto been made to adapt for surface ships the
techniques of the well-established slender-body theory for incompressible un-
bounded media (for an account see Thwaites 1960, Ch. 9, §11). It is the purpose
of the present paper to provide such an adaptation. One version of the theory for
unbounded media proceeds in the following steps:

(1) Approximate the body by axial line-distributions of known point
singularities (sources and multipoles), whose strength is to be determined.

(2) By means of the Fourier convolution theorem express the velocity
potentials of these line distributions in terms of the Fourier transforms (in the
axial direction) of the point-singularity potentials.

(3) Expand these Fourier transforms in powers of the radius (logarithms will
also appear), and retain only the leading terms. (It is here that the slender-body
assumption is used.)

(4) By means of the Fourier convolution theorem interpret the resulting

expressions.
This procedure can be justified if the body is sharply pointed at the ends. (Since
the problem for an unbounded incompressible medium is linear it should be
possible to devise suitable end-corrections for blunt bodies, but this has apparently
not, yet been done.)

If co-ordinates are defined as in §2 below and if the motion is symmetrical
about & = 0 and @ = }7, then in an unbounded medium the velocity potential
is thus found near the body to have the approximate form

® a,(z) cos 2nd

. L n
d(x,rcosf, rsinf) = 2a,(x) ln7+2 2 oy

z day(§) L © day(£) L
-7 = ln(2lz_g|)d§+ = 1n(2lx_g|)dg, (L2)

where the terms (1.1) are clearly plane harmonic in every plane = const. (and
where the coefficient functions can be found from the boundary condition), while
the terms (1.2) describe the interaction between sections, which is the principal
object of the investigation. The same result has also been obtained in other ways,
by Ward (1955) without the use of Fourier transforms, and by Tuck (1962) using
a procedure of matching inner and outer expansions which is particularly con-
venient for non-circular sections.

The foregoing procedure will here be adapted to a periodically oscillating
slender surface ship at zero forward speed. The velocity potential is now defined
in that part of the lower half-space ¥ > 0 lying outside the ship. On the mean free
surface y = 0 a boundary condition must be applied. Accordingly for step (1)
the point singularities will be chosen to satisfy this free-surface condition and we
shall in fact take them to be wave sources and wave-free potentials. For step (2)
we shall need their Fourier transforms, which are obtained in the Appendix at the
end of the paper. For step (3) we shall need the small-radius expansions of these

(L.1)




Slender oscillating ships at zero forward speed 499

Fourier transforms, also given in the Appendix. The transforms of the wave-
free potentials are easily expanded, but the transform of the wave source is much
more complicated and its expansion is the most difficult part of the problem.
For step (4) we shall obtain the transforms of the leading terms in the expansion.

Expansions in terms of a wave source and an infinite set of wave-free potentials
were introduced for plane problems by Ursell (1949¢, b) and for the oscillating
sphere by Havelock (1955). The three-dimensional expansion used here generalizes
Havelock’s work and was proposed by Grim (1957, 1960), who did not succeed in
going beyond step (1) and thus obtained neither an expansion analogous to (1.1),
(1.2) nor the interaction between sections. He observed, however, that when this
interaction is negligible (KL > 1) the local source strength must be the same as
for an infinitely long cylinder, of appropriate cross-section, and he suggested an
iterative scheme of approximation.

A very interesting alternative treatment both for zero and non-zero speeds has
recently been proposed by Vossers (1962). By means of Green’s theorem he
obtains a linear Fredholm integral equation of the second kind for the potential
on the ship where the normal velocity is prescribed. If now the variation in the
axial direction is treated as slow, then the integrals can be approximated by
simpler integrals; in particular the kernel of the equation may be expected to
reduce to the kernel appropriate to a plane problem, to which known techniques
are applicable.

Vossers’s results require difficult approximations for quadruple integrals, and
his resulting integral equation (Ch. 5) is simpler than other integral equations
previously obtained for plane problems (e.g. Ursell 1953), which suggests the
possibility of errors. Nevertheless, itisfelt that the method can be made to work,
and that it has many advantages, even if the results so far obtained must be
regarded as provisional.

We note that at zero forward speed our problem is linear provided only that
the amplitude of oscillation is sufficiently small. Throughout the present paper
the body will be assumed to be sharply pointed, and difficulties near the ends
will be ignored. Only bodies of revolution with their axis in the surface will be
considered. It will be assumed that the ratios (ship-radius/ship-length) and (ship-
radius/wave-length) are small whereas the ratio (ship-length/wave-length) may
have any value. Expressions will be given which are valid according as this last
ratio is not large or not small. The potential on the body will be found; and forces,
moments and wave damping will be calculated.

2. Expansion of the velocity potential

It will be supposed that the mean position of the axis of the slender body of
revolution lies in the mean free surface y = 0, along the segment — L < z < }L
of the z-axis, and that y increases with depth. The 2-co-ordinate is measured
horizontally at right angles to the z-axis. Cylindrical polar co-ordinates are
defined by y = rcos 8, 2 = rsin . The equation of the mean position of the body
is taken to be r = ry(x), where ry(z) = dr,(x)/dx is small, and where it is supposed
initially that r, and all its derivatives vanish at the ends « = +}Z. (This restric-
tion will be discussed below, near the end of §2.) We consider simple harmonic
forced motions of heaving and pitching of period 27 /o, at zero mean speed. Since
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the amplitude is small, the boundary condition on the body may be applied at the
mean position of the body. Then the velocity potential ¢(x, y, 2) e~ satisfies

0 9% o2
(@+a_g/2+5z_2) o(x,y,2) =0 (2.1)
in the fluid. The boundary condition on the body r = ry(x) is
op _ Vot W% + Wy 1o() ro(®)
on {1+ (o3t
where (0¢/0n) e~ is the velocity component normal to the body, v,e—i* is the

forced velocity of heaving parallel to the y-axis, and w, e~ is the forced angular
velocity of pitching about the z-axis. The boundary condition (2.2) may be written

in the form 09[0r —14(x) 09 [0 = (Vo + Wo % + o o 7g) €OS O (2.3)
= V(x)cosl, say,

cosf, (2.2)

where the second term on the left-hand side is small compared with the first.
We shall accordingly replace (2.3) temporarily by the boundary condition

o¢/or = V(z)cosO on r=ryx), (2.4)
where V(x) is a prescribed function. The boundary condition on the mean free
surface y = 0 is K¢+ o¢loy = 0, (2.5)

where 27/ K = 27g/o? is the wave-length of waves of period 27/ This linearized
condition and condition (2.2) are valid when the amplitudes of oscillation are
small compared with all other lengths involved in the problem; the body need not
be slender. The boundary condition at infinity is a radiation condition: the waves

travel towards infinity, R¥@¢[0eR—iKg) > 0 (2.8)
as R = (22 +y2 +22) > 0.

We shall construct a velocity potential by the superposition of potential
functions each satisfying identically all the boundary conditions except (2.4)
which will then be satisfied to a sufficient approximation by a suitable choice of
coeflicient functions. We shall see that (except possibly near the ends) the flow
can be approximately generated by wave singularities distributed along the axis
of the body. Similar constructions are familiar in the flow past a slender body in
an unbounded medium and are known not to be exact except possibly for a
restricted class of smooth bodies. Our expansion is

$(zy,7) = f * 0olE) ol —£,,7) dE (2.7)

+3 (7 a@pie-toadet (2.8)

1 There is an interesting difficulty connected with the completeness of this expansion at
a large distance from the body. Consider the analytic continuations of ¢(z, y, z) into the
half-space ¥ < 0. Since the wave-free patentials are single-valued, the terms (2.8) are also
single-valued, and so is their sum when y%+ 22 > {max ry(x)}?. And the term (2.7) is single-
valued in ¥y < 0 except for a cut along the plane z = 0. But it can be shown that the
potential ¢(z, y, z) cannot in general be continued to points vertically above the body.
Thus the expansion (2.7)—(2.8) cannot be complete. It is interesting to remark that the
transform ®y(k, y, z) can for every k be continued into y2?+22 > {max ry(z)}? except for a
cut along z = 0. This is somewhat different from the corresponding difficulty in ordinary
slender-body theory, which relates to analytic continuation into the body.
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where the coefficient-functions ay(§), @,,(£) vanish outside |£| < L. The potential
@, in (2.7) is a wave source at the origin (Thorne 1953, p. 712)

ol@, Y, 2 k, e %Y J{k' (22 + 22)} dk; (2.9)

the path of integration passes below the pole £’ = K in order that (2.9) may
satisfy the radiation condition (2.6). The potentials ¢, in (2.8) are wave-free
potentials singular at the origin

P,.(y/R) K P, ,(y/R) )
(2, y,2) = 7;32(7?{11)+§»7L 2 Rz;{/ (n=1,2,3,...), (2.10)

where P, is the Legendre polynomial of degree m, and R = (224 4%+ 22)}. It is
known from the work of Havelock (1955) on the heaving half-immersed sphere
that (2.10) satisfies Laplace’s equation (2.1) and the free-surface condition (2.5);
the radiation condition (2.6) is satisfied trivially. Each of the singularities (2.9),
(2.10) has axial symmetry about the (vertical) y-axis. We could write down-wave
sources with other symmetries and consider line distributions analogous to (2.7)
and (2.8), but we shall see that (2.7) and (2.8) are sufficient approximations for
our purpose. The expansion (2.7)-(2.8) was first proposed by Grim (1957, 1960),
but our determination of the coefficients and our conclusions will be different.
We shall assume initially that not only a4(z) and a,(x) but also all their
differential coefficients are continuous when |z| < 1L, and that they vanish when
x = + 1L and when |z| > 4L. (This corresponds to a body with very sharply
pointed ends, see the discussion near the end of § 2.) Then the Fourier transforms

Ay = [ a@ena

tend to zero rapidly as | k| tends to infinity (Lighthill 1958, theorem 2), and by the
convolution theorem for Fourier transforms we have from (2.7) and (2.8) the
equation

.z, y,2 f A ( o, y,2) e 2 dE, (2.11)

where ©,(k,y,z) =J oz, y,2)e*dx are the Fourier transforms in the z-

direction, which clearly must satisfy

02 2
(5z-2+8_gﬂ_k2) D, (k,y,2)=0. (2.12)

As was explained in the introduction, we shall now expand ®, and @, near
(y = 0, z = 0), retain only the leading terms and then apply the inverse Fourier
transformation. The expansion of @, is the most difficult part of the argument,
while the expansion of @, is straightforward. The Fourier inversion will lead to
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new functions s,, 8, and s; which will appear in the interaction term. It is shown
in the Appendix at the end of this paper that

Ky—2 " [kleoshp
(Do(kyy)zi ‘A) - 2f0 lk[ COSh/I/—‘K

{(ﬂi—a)cotha}(210(1k| +4Z(_1 L(|k|7) cosmﬁ{

B (m—a*)coto*

+ 2K (|k| 7 +4c>:(—1)"‘—1[a W[kl cosva)]v=m{

e~tkly st 4 cog (|| zsinh ) dpe

cosh mo
cos ma*})
sinh mo coth o
sin ma* cot a*

}, (2.13)

where the upper or the lower expression is applicable according as
K _ (cosha > 1}
|k]  lecosa* < 1f°

Note that o(L(|k|r) cos vO)[ov = cos vO(DL,[ov) — Osin vl I, is not a single-valued
function of §; a cut along 6 = + 7 is needed. In these equations, I, and K, are
Bessel functions of imaginary argument (Erdélyi 1953, p. 9),

(2.14)

) ( g)v+29
L% = 8>=:0 T +s+1)’ (2.15)
Ko =~ ( “)yzo, V(O = 21 TQ), (217)
(1) = —v, ¢r(m+l)=—y+%+%+...+%, (2.18)

when m is an integer, and y = 0-5772... is Euler’s constant.
We can use these power series to expand ®y(k, y, z) for small r:
Dy(|k|,rcos 0, rsin0; K) = —2In Kr +2KrIn Kr cos 0 — 2Kr 0sin 0
—2Kreos0—2y(1 — Krcos )
+2(1— Krcos 0) {F,(|k|/K)+ Fy(|k|/K

+0(r®Inr), (2.19)
k| _ [tmcotha
where Fl(f) - {ﬂcota* g (2.20)
|%| In (2 cosh a)—acotha
and (K {111(200505*) o* coba*f (2.21)
Thus f ag(E) pol@— £y, 2) dE
1 = )
= % hmAO(k) (I)O(k! y, z) e-*tkzdk
:2*177 ) Ayk){—2In Kr+2Krln Krcos —2Kr 0sin 6

—2Krecos0—2y(l— Krcos0)}e *=dk (2.22)

+2(1-—Krcos0)%r : Ay(k) {Fl(%]z,—l)+F2(%l«)}e~ikzdk (2.23)
+O0(r2Inr),
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where we are using the assumption that 4(k) tends rapidly to zero as |k| tends to
infinity to ensure that all integrals in (2.22) are convergent. In (2.22) we now use
the Fourier inversion formula

%T f _: Ay(k) e-2 Al = ay(), (2.24)

and in (2.23) we use the convolution theorem to express the integral in terms of
ao(z). Thus
1 [ k . ©
o | A B ()i = [ a0 iK1

— -0

where
KAKO = [ B(i)ensan
1 (& K
- ?rfo (K2~ k)t
= JrKH{(K |L])

from Watson (1944, p. 48, equation (2), and p. 170, equation (4)); here H{? is the
Hankel function J; +¢Y;. Thus we see that
1 |#]

o7 j,o Ao(k)Fl(f) e—tkx Jl — —%MTKf g)H(l)(le gl)dg (2.25)

coskgdk+1fw—’fK—~
) (k

K9 coskldk

We also write down an alternative form for (2.25). We have

F(lg|) ~im+$im|y|2 as >0,
whence

'—f A (k) P, ("“') o—ike g

@ - . e} F
=-2—17—Tf*ovo(k)z7re—1kzdk+% (—ik) o(k)n—ﬂl—/—K—)f—

( —ikz k. (2.26)

By use of the obvious relation

— ik Ay (k) = f : di;g-)efkmx, (2.27)
we see that (2.26) is equal to
imag(e) + [~ 2“8 (K- gyaz, (2.28)

where by definition

_ 1 (= F(k/E)—ir
91(KE) = %f_m iy ¢k

o Fy(p)—irr
-1 fo A‘%—”.’ sin (3 K&)dy, (2.29)

which is clearly an odd function of K{. We may therefore write
91(K¢) = —}5,(|K¢|)sgn K¢, (2.30)
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where sgny = + 1 according as #Z 0, and we obtain for (2.26) the alternative
form

imag(e) — [ o,k faglydi g [T L0 s fagyas 231)

It can be shown from (2.29) and (2.48) that s,(K{) — 0 as K{ - + o0, and it can
thence be shown that the form (2.31) is appropriate when KL is large (see
§ 4 below) but we do not investigate the properties of the function s, in detail here.

The other integral (1/2m) on(k) Fy(|k|/K)e—*= dk ocecurring in (2.23) can be
treated similarly. The function

F(0) = —In3{+ (1 -3~ FIn[g{L+ (1 - )] (2.32)

isregular in the positive quadrant except at { = 0;itiseasy tosee that { = lisnot
a singularity. As {— 0, Fy(§) ~ 32In{; as § —» o0, Fy({) ~ — IniL. Thus the

integral is 1 [ . Ez(!ﬁl /1K)

o) (2R Ao() =5 5 etk i
- ff dao6) \ (K(w—E)dz, (2.33)
where by definition
Fyf \kI/K i
g2(BE) = 5 f k dk
=N Fz(n)-sﬂl%’dm (2.34)

which is clearly an odd function of K¢. In deriving an alternative form for (2.34)
it is therefore sufficient to consider positive values of K¢. The integral (2.34) is the
imaginary part of

! f * JAF () K) %% de
mJo

which can be transformed by rotating the line of integration to the positive
imaginary k-axis. We find that

! f ® R/ K) €% dk
mTJo

1= .
= ~f w L Fy(w) et K dyw

TJo
| w . - dw
= —f {—ln Lw—Imi+ (1 +w?)~ %(ln e i) e K —
mJ)o 1+ (1+ w2) w
of which the imaginary part is
, 1[= 1w ke QW
KO = =3 [ 1= (1wt
when K¢ > 0. Thus finally from (2.34)
ga2(KE) = — §sy(| KE]) sgn K, (2.35)

where by definition
so(|n]) = fw {1-@ +w2)—%}e—w!m‘%" (2.36)
0
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and sgny = + 1 according as 5 Z 0. It can be shown that

solnl) = %[n[=* as |g] >o0

and so(|n]) = —In|p| —y—In2+s4(|n|), say, (2.37)
where by definition
_f‘” L—emem o 2.38)
33(|77|) =, ;}m W, (2.

which tends to 0 as  tends to 0; see also (2.49). It follows from (2.33) and (2.35)

that
1 ® |k| —ikx
Py Ay(k) Fz(——K) e~thz g

1= day) ® day(£)
where s, is defined by (2.36). This completes the discussion of the axial wave-
source distribution.

Turning now to the line distributions of wave-free potentials, we note (see
Appendix at the end) that

®,(k,y,2; K) = (2—1)' ]k]zn‘lf: (K + |k| cosh p) (cosh g)2n—1
x ey cosh gog (kzsinh p) dp.  (2.40)

s=p-1 (2n—1)!

3 2n—1 . (1)2n—2 -
Since (cosh u) =(}) 2 sT@n—1—g)!

cosh (2n —2s— 1) u,

and K, (k| r)cosmb = f cosh mpu e~ 1*1v 980 £ eog (kz sinh p) dp,
0

where K, ({) is a Bessel function of imaginary argument (Erdélyi 1953, p. 9), we
may write

n—1 —_ ¥
D,k y,2) = —l~|l\c|2"—1(%~)2"‘2 pd ~L2-n—1—)—'{|k|K2 2s(| k| r) cos (2n — 25) 6
S .

(2n)! st(2
+ || K gp_g5_s(|F| ) cOS (20 — 25— 2 )0+2K Ky, g, (|k| r) cos (2n—2s—1) 6};
the leading terms in the expansion near r = 0 are (2.41)
1 2n—1)! K(2n Inr
i2n)!(%)2n 2{' [ ( |k| ) s 2n0 + (’kl M)lcos(‘)n—l)a%-O( pyo 2)}
and so

)

. 2 [cos2nf K cos(2n—-1)0 Inr
Q,(k,y,2) = on ( r2n + on—1 ren-1 ) 0(,.2:1—2) >

(2.42)

with a smaller error when n > 1. It is seen that near r = 0 the functions ®,, are
nearly independent of k, and nearly equal to the wave-free potentials for the
plane circle problem (Ursell 1949q, p. 223). It follows that

fio a,(§) P (x—&,y,2)dE = §17Tr ® A, (k) @, (k) == dk

0

= -—aq
2n

2 cos 2n6 K cos(2n—1)0
" )( rin 2n—1 y2n—1 ) (2.43)
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We can now write down the total approximate potential as the sum of (2.22),
(2.23) and (2.43) where (2.23) is given by (2.25) and (2.39):

oz, y,2) = ag(x){—2In Kr+ 2KrIn Krcos @ — 2Kr Osin 0 — 2Kr cos 0
—2y(1-Krecos0)+0(r2Ilnr)} (2.44)

+2(1 — Krcos8) %iﬂwa ay(§) HP (K |z —E|) dE+ O(r?) (2.45)

+2(1——Krcost9)=—% : d?ég)sz(le—gl)dg

v3 ] o ek g ag o) 240

aoa(li)lcosﬂnﬁ K cos(2n—1)0 O(Inr)}’

7-2n 27L -1 7.2n—1 7’2"’"2

(2.47)

where 3,(|7|) is given by (2.36); see also § 4 below.
It can be shown that, for { > 0,

N dw
8(8) = 2sz P gw#(wz—l)‘}

4 4
~ mi—mi [ h@)ag [ F@az, (2.48)

and 8,(8) = ——f: ek (1 — (wzj— l)i) dw

4 [4
— -y +im f CH) 4 fo Yy(¢)dL. (2.49)

Here thenotation of Watson (1944)and Erdélyi (1953) has been used : Jyand Y, are
Bessel functions order 0, and

H = Sy (B0
ol§) = )g. (-1) T(m+ D
is the Struve function of order 0.

It has so far been assumed that a,(x) and a,(z) are infinitely differentiable, but
in fact the full force of this assumption was not needed to derive the formula
(2.44)-(2.47). Sufficient conditions for these will not be discussed in detail here,
but it can be shown that it would be sufficient to assume, e.g. that |kL|3 4y(k)
and |kL|*A,(k) remain bounded as k — +co, in which case this formula is
obtained with slightly larger error terms. And these conditions on the Fourier
transforms are satisfied if, e.g. qo(z), @, (%), ay(z), a,.(x) are all continuous in the
interval —3L < = £ 3L including the end-points (Lighthill 1958, p. 56, equa-
tions (30) and (34)). There are additional logarithmic terms if a; and a, are
discontinuous at the end-points, as is well known in slender-body theory for an
unbounded medium (Thwaites 1960, p. 388, equation (69)). Such terms indicate
a failure of the slender-body approximation, requiring further investigation.
Stricter conditions are needed if d¢/ox is also to be bounded at the ends, but



Slender oscillating ships at zero forward speed 507

overall quantities like total force and moment are not likely to be seriously in
error even if these conditions are not satisfied. We now return to the approxima-
tion (2.44)—(2.47) for the potential.

The next step must be to determine the coefficient functions ay(x), a,(z). It
will appear that these take different forms according as K L is large or small, both
forms being applicable when KL is moderate. For large K L it seems physically
reasonable to expect that there should be a strip theory derivable from two-
dimensional solutions, and this will be confirmed in §4. The case of small KL is
more interesting, and the solution reduces in the limit KL — 0 to slender-body
theory for an unbounded medium. This case will be studied in some detail in § 3.
Forces, moments and wave-damping will be briefly discussed in § 5.

3. The boundary-value problem for small and moderate values of KL

Let us examine the behaviour of the expression (2.44)-(2.47) for the potential
as K — 0 formally. Then clearly |(2.44)| —c0; and in (2.46) the function s, - oo,
see (2.37), and so |(2.46)] >oo. The sum of (2.44) and (2.46) remains finite,
however. We rewrite the potential in terms of the function s, defined by (2.38),
Mz, y,2) = ag(x){—21In (r/L,)+ 2Krn (/L) cos 0 — 2Kr Osin @ — 2Kr cos 6

+0(?Inr)} (3.1)

+2(1 - Krcos ) %iﬂKfm ao(£) HV (K |x—E])dE+ O(r?) (3.2)

1 (= day(f) day(£)
#20=Kreost)(= [7 S (s g)dees [0 m (57 ) 4
(3.3)

+2(1—Krcos¢9){——éfz d‘g’ég)sa(K |z—E&|)dE

+‘;‘ Lm d‘}"f’ sy(K |2 —£|)d§ +0(r2)} (3.4)
:cos2n0+ K cos(2n—-1)0 O(Inr)}

4, (2)
+ 2 E 7-211. n—1 - 7-211.—1 - an—Z

1

(3.5)

In this expression the length L, is arbitrary, and when KL is small or moderate it
is convenient to take L, = L, as we shall henceforth do. As a check, if we let KL
tend to 0 we find that

¢ - —2ay(x) In(r/L)

e T ) e i () )

a,(x) cos 2m9
—

+23 v (3.6)

u

a finite limit correspondmg to the boundary condition 0¢/0y = 0 on ¥ = 0, which
agrees with the expression quoted in § 1 above. Returning now to the expression
(3.1)—(3.5), we shall find the coefficient functions ay(z), @,(x) in terms of the
prescribed radial-velocity distribution (2.4),

0@jor = V(x)cosG on r = ryz).
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Let us now introduce the linear operator

Llaw) = WirK | al8) B (K o~ ] dg

w5 (g g 5 e (vpg)

10 da, . d ,
+{-§j_wid§—)s3(hl —&))dé+ f ‘jgg sam\x—él)dé}- (3.7)

When K L is small or moderate it is easy to see that

|2 (ao(x))] = O |ag(@)|.

Then (8.1)-(8.5) can be written more briefly as
¢ = ap(@){—2In (r/L)+ 2KrIn (r/L) cos  — 2Kr #sin & — 2Kr cos 6}
+2(1— Krcos 0).%(a,)
® @, (x) (cos 2n0 K cos(2n—1) 0)

+221: 2n ron 2n—1 i1

Therefore, when r = ry(z),
g 2 7o .
P ao(z) {—70+ 2Klnzcos0— 2K0s1n6}
—2K cos 0 F(a,)
cos2nd K cos(2n—1)0
"‘22 n( )( 2n+1 +2n T(Z)n )
= V(x)cos 9 from the approximate boundary condition (2.4). (3.9)

We see immediately that ¢, = O(Vr,) and a, = O(Vrg"*+!). Let us find the
potential (and therefore the pressure) on the body correct to order

Vro Kryln (K/ry)

when K L is small or moderate. Since the leading term in ¢ is of order Vr,In (L/r,)
we see that in that term we need a,(z) correct to order Vr,Kr, whereas the
coefficient functions a,(x) are needed only to order VrZ*+! Kr,ln(L/r,). These
functions are found by a Fourier method. When (3.9) is integrated from & = 0
to 0 = }m, we obtain

ao(x) { —;;%71—— 2K lnL

—; —2Kay(x) — 2K#(a,)

To
S ay@) (=1t :

—2Ix§1] T = V(x); (3.10)
when (3.9) is multiplied by cos 2r0 (n = 1,2,3,...) and integrated from & = 0 to
g = 1m, we obtain

(-1~ :

ao(:lc){-—2K4 —-1In —+OB r§"+ %
T Sl (3.11)
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on noting that

4 ® (1)1
cos0—7—T( +Z 1 cos2m9). (3.12)
In (3.11) it is sufficient to use the crude approximation ay(x) = —7~1Vr, Then
from (3.11),
2 (-1 Vrgntl
= — '1
2.(2) man2— 11+ (2/m) Kryln (L[ry) (3.13)
= 2( — l)n 2n
= m—_—l W(x) 7'0 s Saay, (3.14)

with an error of order Vr3"t! Kr,, where by definition

1 V() ro(x)
71+ (2/m) Kryln (L/ro

W(z) = V(x) o) —7% V(x)ry(z) Krolnréo. (3.15)

In the terms on the second and third line of (3.10) it is sufficient to write

ayz) = —m1Vr, and a,(z) = 727217,_21—)1 Vrintl,  respectively,
[>)
thus ~ — %@ (1 +2 Kryln 5) — Vi@)—2 2 VEr-2K2(Vr,)
To 7 7o 7
4K 1
Vr022 (20 1) (@ = 1)’ (3.16)
whence

(@) =~ Wiz) +§KT°$(W) +§KT° V() :1 +2 ? In(2n — 1) (4n?— 1)}'

(3.17)
On substituting (3.14) and (3.17) in the expression (3.8) for the potential we find

that on the body, correct to order Vry Kryln (L/r,), the potential corresponding to
the radial-velocity boundary condition is

Pz, ryco80,7,8in0) = 2a(x) (1 — Kr,cos H) lnré— 2L (W)
0

+4W(x) OZO] 3 ((; i)n—l)cos 2n06 (3.18)

2
= —2W(z)(1 - Krycos0) lnr£ —22£(W) (1 —;Krolnré)

0

4 L 1
+7—TW(x)Krolnro{1+2zo T )(4n2—1)}
[o —_ 1 n
+ 2W(x) ? n—(;ﬁ{——l) CcOS8 27?/6, (3.19)

where W(x) is defined by (3.15), and .# denotes the linear operator defined by
(3.7). The terms involving #(W) contain integrals of W over the whole length of
the body and involve values of ¥ and r, in cross-sections other than z; thus £ (W)
expresses the interaction between sections. The order of magnitude of this inter-
action term is only slightly less (by a factor In (L/r;)) than the leading term in the
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potential. This was expected since slender-body theory for the limit KL — 0leads
to a similar result, see equation (3.6).
We must, however, remember that the exact boundary condition (see equa-

tion (2.3)) is o¢lor = V(x)cos O + ry(x) 0¢/ox, (3.20)
and in the last term on the right we may substitute the leading term
¢ = —2W(x)In(L/r,).
We then find that the modification to the radial velocity is of order
Va(ro/L)?In (Lfry)

and therefore negligible, and (3.19) is thus also the solution of the problem with
boundary condition (3.20) correct to our order of approximation.

4. The boundary-value problem for moderate and large values of KL

This will be treated more briefly since the analysis is similar to §3 above. To
avoid confusion the values of the coefficient functions are denoted by a§(x) and
ay(x), and we use the expression (2.44)-(2.47) for the potential, except that we
substitute (2.31) in (2.45). Thus

$(x,y,2) = ag(x) {—2In Kr + 2KrIn Kr cos @ — 2Kr 6sin @ — 2Kr cos 6} (4.1)

+2(1 ~ Krcosf) F*(ad) (4.2)
© aX(x) (cos 2nf K cos(2n-1)8
+2Z 2n { ran 27 —1 ren—1 “}’ (4.3)
where by definition
#+@) = -y a3 [ LeEaE e
1(* dag(
2] . d"g Klo—g)df  (44)
x % x d
—%f_wda{;’gg)sz(le—él)d@r%Lw “;g K|z —¢g|)dE.  (4.5)

The functions s,(7) and s,(7) are defined by (2.29) and (2.30), and by (2.36),
respectively; both these functions are small when 7 is large. Thus for moderate
or large KL we have | Z*(ag)| = Olaf|. Comparison with (3.8) shows that the
calculation is formally identical with the calculation of §3 provided that we
write K~ for L and £* for . We find that the potentialon the body for moderate
or large KL has the value

$(x,rgc080, rysinf) = —2W*(z) (1 - Kr, cosH)anLr

2 1
2 *WH (1 -2 Kr In-——
2L¥(W )(1 Ixroanro)

@ 1
Kro W) A0{1+2“2n(2n—1)(4n2 1)

+2WH()S n((i‘zl)n 5 cos 2n, (4.6)
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where

W@ = s /71/)(2?1?( iy - V(@) n(e) = 25 Ve role) Knlnger—. (4.7)
We also have

at (@) = — W*(x)+%K¢0 3*(W*)+%Kro W*{1+2Z e 11) — 1)}. (4.8)

The interaction between sections is given by the terms involving #*, and it can
be shown that for moderate KL the potentials (3.19) and (4.6) are in agreement.
We note from (4.4) and (4.5) that £*(W*) — (im —y) W* as KL — co. Thus in the
limit as KL — oo we find that the potential (and thus the pressure) depends only
on the local values of ¥ and r,; this is physically reasonable and a similar con-
clusion presumably holds whenever KL is larger, whether Kr, is small or not.
The potential is then expected to be nearly the same as the two-dimensional
potential on an infinite cylinder having radius ry(x), where the potential satisfies
the wave-boundary condition

Kp+oploy=0 on y=0
and 0¢/or = Vy(x)cosd on r = ry(x).

This problem has been discussed by Ursell (19494, 1953, 1957).

As before (see the end of § 3) the solution is unchanged to our order of approxi-
mation when the exact boundary condition (2.3) is substituted for the approxi-
mate boundary condition (2.4).

5. Forces, moments and wave damping

We note that the element of area of any body of revolution r = ry(x) is given
by 7o{1 + (r5)%}t dxd6. We observe also that the dominant forces and moments
are hydrostatic. The hydrostatic force on a strip dz due to immersion y,(z) is
2pgryy,dx = 2ipoV(x)ro(x) K-1dz, the total hydrostatic moment about the z-
axis is 2ipo(x +ry1ry) Vro K1dx. These expressions are exact.

The total vertical component of hydrodynamical force on a strip is easily

seen to be i
2ipary(x) dxf ¢(x,rgcos b, rysin 6) cos 0d6, (5.1)
0

and the total moment about the z-axis on a strip of width dx is
in
2ipory(z) (x +ry1y) da:f @(x, rycos 0, rysin @) cos 6do. (5.2)
0

-
Both force and moment involve the expression f P cosfdf. For instance,
when (3.19) is substituted, this integral is 0

—2W(x)ln£(l—%ﬂKr0)—2$(W)(1——2~Kroln£)
7o il 7o
4 L @ 1
+7~T W(x) Krolnr—o{l+2§ Im(2n = l)(4n2—1)} (5.3)

i 1
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Now the brace in (5.3) can be shown to have the value 2 —21n 2+ {72, and the
sum in (5.4) to have the value £—21In 2, Thus

3
f pcos0dl = —2W(x)In(Ljry)+ (4/m) W(z) Kryln (Lfry) 3 —2In2 + }7?)
0
=22 (W) {1 —(2/m) Kryln (Ljry)} —2W(z) (3 —21In2). (5.5)
The expression derived from (4.6) is similar, with K- replacing L, W* replacing

W, and #* replacing &. If we neglect all terms of order smaller than Kr, times
the hydrostatic force, we have

f b c0s0d0 = — 2W(z)In (Ljr) — W(z) (3—4In2)—22(W).  (5.6)

Turning now to the wave damping, we find first the potential at a great distance
from the body. The only term in the potential that contributes to this is the first

term 3L
[, @@ die- £y, 1)

and for large values of 22+ 2% we may replace ¢, by its asymptotic value. It is
easily shown from (2.9), that
Bo(, v,2) ~ inK e EVHP(E @+ 221},

see also Havelock (1955). Then if z = lcosa, 2z = lsina, the integral (5.7) is
asymptotically

3L
imK ¢~Kv f | ald) BP(K (@~ € + 21} dE

| o) HOK(E ~ 2 cosa+ BB AE (5.9)
_,}L

iz
~ ink K [HsD(Kl) f ao(&) o KE) dE

—-%L

© 3L
+2 3 HYP(KI) cos nocf ay(&) T (KE) dg] (5.9)
n=1 ~3L

by a known addition theorem (Erdélyi 1953, p. 101, equation (29)) for the Hankel
function. Equation (5.9) gives explicitly the wave amplitude contained in each
individual Fourier component. The mean energy radiated per unit time by the
nth component is obtained from the asymptotic expansion
HP(KL) ~ (2/nK1)} ¢iBlg—}inm—tin

and from the result that the rate of energy transmission for a real-valued potential
P*(x,y,2,t) is —p(O¢*[0t) (0¢*/on) per unit area, where d¢p*/on is the velocity
component normal to the area. We consider the energy transmission across a
vertical circular cylinder of large radius. On taking the real and imaginary parts

of (5.9) we find in this way that the mean rate of energy transmission for the nth
Fourier component is

3L 2
2pomK ‘ | GRS dgj

3L 3L o
- 2pomK f f ao(E) ao@) Jo(KE) T (KE)dEAE (5.10)
—3LJ 3L
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when n > 1, and is half this expression when n = 0, where a, is the complex
conjugate of a,. Also it is easy to show by direct integration that the various
Fourier components radiate energy independently. The total mean rate of energy
radiation is therefore

3 3
E=mpok | d f " dt'ayt) a0(5'>[Jo(Kgm(Kg')+2 T(KE) Jy(KE )]
gz J-r

3L iz
B f de f 08 ao(E) o) ol K |2 —E]), (5.11)
4L J-oz

by the addition theorem for Bessel functions; in this expression a,(£) is given by
(3.17) or (4.8) according as K L is not large or not small. Anequivalent expression
in terms of Fourier transforms is

K 9
= m2pcK dE — Ak a1
=% f %L g o J;K ol )(Kz—kz)‘}

K
— mpoK f A (5.12)

= mpoK foﬂ |Ao(K cos p)|2dp.

6. Conclusion

We have now obtained the velocity potential of a slender pointed body of
revolution making small oscillations in the free surface at zero forward speed.
Experience with slender-body theory in an incompressible unbounded medium
suggests that these results can be extended to more general cross-sections (cf.
Ursell 19495), and since the problem remains linear (at zero speed) it may also be
possible to allow for the effect of blunt ends. Much more interesting would be a
solution to the full problem of the oscillating slender body at forward speed
(necessarily pointed if the disturbance is to be small), for here our present know-
ledge is very incomplete. Like slender-body theory in a compressible unbounded
medium (Ward 1955) this gives rise to non-linear problems for which a scheme of
successive approximations based on a slenderness parameter can be developed.
The nth approximation satisfies linear equations involving the previous (n—1)
approximations, and as soon as these are involved non-linearly the calculation
in practice terminates. It will be interesting to see whether these calculations
can be carried far enough to give useful results for the full problem. Recent work
(Tuck 1962) has already shown that a useful theory can be constructed on these
lines for non-oscillating surface ships at forward speed.

This work was partially supported under Contract Nonr-2692(00) between
TRG, Inc. and the Office of Naval Research.
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Appendix. Fourier analysis of wave-source and wave-free potentials
A.1. The wave source at the origin
According to (2.9) the potential is

Boer,2) = | e O 2

o [ 17 .
= e KU Z | KT8 F oog (K'z8in £7)d, ’; dk’. (A.1.1
§ rmgeals]] (Kzsin ) df | dk. (A1.1)

In the inner integral change the variable of integration to ¥ = — &’ cos #’. Then

this integral is 1 (%

= f e~z cos {2(k'2 — k2)}} dk;,
_k'

m

and on changing the order of integration by use of the relation

f: (f:,f(k, k')dk) k= f: (f;f(k, k’)dk') dk

it is found that

® N 1 [ ¥ Ky co8s {2(1{?'2 k‘z)‘}}
— —ikx oK ’
o(z,y,2) f e ( flkl 7 & 2T dk )dk. (A.1.2)

It follows at once that the Fourier transform

© K ., €08 {z(k'2 — k2)1}
B —K 4 £
Dok, y,2) 2flk| yEp v &) dk (A.1.3)

— * lkl COSh/L _ p—lklycoshpg 3
= 2J; 1] cosh,u—Ke cos (|k|zginh p)dp. (A.1.4)
The expansion (2.13) of this integral for small |&| r will now be proved. There are
two different expressions, according as K2 |k|. If K > |k|, put K = |k| cosha.
It will first be shown that, when z = 0,

Oy (k,r,0) = (mi—a)cotha (2[0(|k[ r)+4 % (=L L(|k|7) coshma)
1

+2K(|k|r)+4 % (—1)y=1 [a—ilqu] r)] sinhmacotha. (A.1.5)
1

y=m

For let £ be an arbitrary positive number and consider the Laplace transform
of @,

c,D(I) k.r. 0) e—'kircosh g dp . 9 © Js_h_,u,__ Ooe—-lklr(coshﬂ+cosh,4)dr d
0 0( L) ) 0 lll,

o cosh g—cosha

2 cosh pdu
k (cosh g — cosh «) (cosh g+ cosh f)
_2_ ~ cosha + cosh g ) dp
| k| cosh 4 —cosha ' cosh g+ cosh 8] coshf+cosha’
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an elementary integral,

2 1 )
= %] m{(m—a) coth @ + § coth £}
2

(mt — o) coth o0 ® _
= —— —1ym mp
k| sinh B 1+2_,?( 1) coshmace

> m g1 —mf
+ +23 m . (A.16

sin‘hlb’ 142 > {— 1)™sinh mo cotha e (A.1.6)
And it is known (Watson 1944, p. 386, equation (8)) that

o —vh
—Ik| rcosh g - e 1.7
fo ¢ L(|k|r)dr %] sinh 5 (A.1.7)
® oL(|k|r) pef
—lklrcosn g CLAURIT) 4
whence fo e . dr l % sinh p’ (A.1.8)
and in particular
® —|kt r cosh g = k‘ﬁ___ .
fo e Ko(|k|r)dr PESY (A.1.9)

On applying the inverse Laplace transformation to (A.1.6) and using (A.1.7)-
(A.1.9) the result (A.1.5) is obtained. To obtain the expansion (2.11) of
®y(k,y,2) when z + 0 we observe that ®, is a solution of the elliptic partial
differential equation 82 o
(-a st 53 kz) Dy(k,y,2) =0 (A.1.10)
and is thus completely determined by its values on z = 0, since it is an even
function of z. But the series on the right-hand side of (2.11) is also clearly an even
solution of (A. 1.10) since all its terms are even solutions, and by (A. 1.5) it coin-
cides with @, when z = 0. This establishes equation (2.11) when K > |k|. When
K < |k| the argument is similar but simpler since (A. 1.4) can then be integrated
along the real p-axis.

A.2. Wave-free potentials at the origin

We have Faly/R) l_f (K'Y e=*v Jy{k' (22 + 22)}} i, (A.2.1)

Rm+1 m!

since both sides are functions harmonic in ¥ > 0 and take the value y=™-1 on the
y-axis. Thus

G2y, 2) = f (K +F') (k)2 1o *y J{k (22 +22)3} dk’  (A.2.2)

(2n)!
whence it follows, as in § A. 1, that

cos {z(k™ — k

Y (A.2.3)
(k= K9}

(Dn(k: Y,2) = f (K + k) (k)2r1e —k'y

(2n)!

This is equivalent to equation (2.40) above.
33-2
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